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In fact, the change of body temperature has an effect on the
strain/stress ﬁelds and conversely, i.e. mechanical action, and cor-
responding strain produce a temperature ﬁeld. A part of the
mechanical energy due to strain is converted into heat. The change
of temperature being small, the corresponding terms in ﬁeld equa-
tions and coupling terms in heat conduction equations; are ne-
glected in the classical uncoupled theory of thermoelasticity. This
theory has two shortcomings. The ﬁrst and obvious one is that
the elastic deformation has no effect on the temperature ﬁeld,
and the other is that the theory predicts an inﬁnite speed of prop-
agation for heat waves as well as for mechanical disturbance.
Biot (1956) derived the equations of the coupled theory of ther-
moelasticity by changing the equations of motion, thus taking care
of the ﬁrst shortcoming which is existing in the classical dynamical
uncoupled theory of thermoelasticity. In this theory, the heat equa-
tion, still remains parabolic. To take care of this paradox, some the-
ories of generalized thermoelasticity are proposed which allow a
ﬁnite speed for the propagation of thermal and mechanical
disturbances.
The ﬁrst generalization, for isotropic bodies, is due to Lord and
Shulman (1967) who obtained a wave-type heat equation by pos-
tulating a new law of heat conduction to replace the classical Fou-
rier’s law. The anisotropic case was later developed by Sherief andll rights reserved.
.A. Elsibai), ahabogal@mans.Dhaliwal (1980). The second generalization is known as the theory
of thermoelasticity with two relaxation times, or the theory of
temperature-rate-dependent thermoelasticity, and was proposed
by Green and Lindsay (1972). It does not violate Fourier’s law of
heat conduction when the body under consideration has a center
of symmetry, and it is valid for both isotropic and anisotropic
bodies.
The theory of thermoelasticity without energy dissipation is an-
other generalized theory and was formulated by Green and Naghdi
(type II) (Green and Naghdi, 1993). It includes the ‘‘thermal dis-
placement gradient” among its independent constitutive variables,
and differs from the previous theories in that it does not accommo-
date dissipation of thermal energy.
Sinha and Elsibai (1996) considered the thermoelastic interac-
tions caused in an inﬁnite body with spherical cavity for the differ-
ent theories of generalized thermoelasticity, that is (L-S) and (G-L)
and classical dynamical coupled theory. The solution of the prob-
lem is obtained in the context of two different cases, using the La-
place transform technique. Allam et al. (2002) deduced the thermal
stress distributions in a harmonic ﬁeld for a homogeneous, isotro-
pic inﬁnite body with a circular cylindrical hole based on Green
and Naghdi theory. A numerical example was given and the results
were presented graphically to illustrate the effect of the parameter
of Green and Naghdi theory. Abd-Alla et al. (2004) investigated the
magneto–thermo–viscoelastic interactions in an unbounded body
with a spherical cavity subjected to a periodic loading. They ap-
plied the generalized theory proposed by Green and Lindsay, when
the cavity is placed in a constant primary magnetic ﬁeld. Youssef
(2005) solved a problem of an inﬁnite body with a cylindrical
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mechanical shocks by using Laplace transform technique. Tianhu
et al. (2005) used the theory of generalized thermoelasticity, based
on the theory of Lord and Shulman with one relaxation time, to
study the electromagneto–thermoelastic interactions in an inﬁ-
nitely long perfectly conducting solid cylinder subjected to a ther-
mal shock on its surface when the cylinder and its adjoining
vacuum is subjected to a uniform axial magnetic ﬁeld.
Thermoelasticity has seen a rapid development by various engi-
neering science. Most of the investigations were done under the
assumption temperature-independent material properties, which
limit the applicability of the solution obtained to certain ranges
of temperature. At a high temperature the material characteristics
such as the modulus of elasticity, Poisson’s ratio, the coefﬁcient of
thermal expansion, and the thermal conductivity are no longer
constants (Lomakin, 1976). In recent years, due to the progress in
various ﬁelds in science and technology, it has become necessary
to take into account consideration the real behavior of the material
characteristics. The experimental data show that the changes of
Poisson’s ratio and the coefﬁcient of linear thermal expansion
due to high temperature can be neglected (Manson, 1954). The
modulus of elasticity and thermal conductivity are considered as
the temperature-dependent material parameter in this article.
The idea of the present work, is to investigate the displacement,
temperature, and thermal stresses in an unbounded body with a
spherical cavity assuming that the surface of the cavity is subjected
to thermal shocks and zero stress and the cavity is placed in a mag-
netic ﬁeld with constant intensity. The moduli of elasticity are ta-
ken to be functions of temperature. Finally, by taking an
appropriate material, the results are plotted graphically to illus-
trate the problem and compared the results in the case of temper-
ature-independent mechanical properties.
2. Formulation of the problem
For a homogeneous, isotropic, and in the absence of external
body forces and inner heat sources, the motion equation has the
following form
rij;j þ Fi ¼ q @
2ui
@t2
; ð1Þ
where rij is the components of stress tensor, ui is the components of
displacement vector, q is the mass density and Fi is the components
of Lorentz force, whose expression is
Fi ¼ leðJHÞi; ð2Þ
where H is the magnetic ﬁeld vector, J is the current density vector
and le is the magnetic permeability.
The heat conduction equation in the context of generalized
thermoelasticity proposed by Green and Naghdi (type II) is
K
 r2T ¼ qCE @
2T
@t2
þ cT0 @
2e
@t2
; ð3Þ
where e = ekk is the strain dilatation, T is the absolute temperature
of the medium, T0 is the reference temperature, K

is the material
constant characteristic of Green and Naghdi theory, c = (3k + 2l)
at, at is the linear thermal expansion coefﬁcient, k and l are Lame’s
constants, and CE is the speciﬁc heat at constant strain.
We consider a homogeneous, isotropic inﬁnite body with a
spherical cavity of radius a. We take a spherical polar coordinates
(r,H,u) and take the origin of the coordinate system at the center
of the spherical cavity. The sphere is placed in a magnetic ﬁeld with
constant intensity H0 = (0,0,H0). Due to the application of the ini-
tial magnetic ﬁeld H0, there result an induced magnetic ﬁeld h
which be small, so that, their products with ui and their derivativescan be neglected for linearization and an induced electric ﬁeld E.
The simpliﬁed linear equations of electrodynamics for a perfectly
homogeneous conducting elastic solid are:
r h ¼ Jþ 0 @E
@t
; ð4Þ
r  E ¼ le
@h
@t
; ð5Þ
E ¼ le
@u
@t
H
 
; ð6Þ
r:h ¼ 0; r:E ¼ 0; ð7Þ
where 0 is the electric permeability.
The induced ﬁeld components in the sphere are obtained from
Eqs. (4)–(7) in the forms
E ¼ ð0; E;0Þ ¼ 0;leH0
@u
@t
;0
 
; h ¼ ð0;0;hÞ ¼ ð0;0;H0eÞ: ð8Þ
The components of Lorentz force can be obtained from Eqs. (4) and
(8) in the form
Frr ¼ leH20
@e
@r
 0le;0;0
 
: ð9Þ
Due to the symmetries of the sphere, the only nonvanishing dis-
placement component will be ur = u(r, t). So that, the components
of strain tensor are given by
err ¼ @u
@r
; eHH ¼ ur ¼ euu;
erH ¼ eru ¼ eHu ¼ 0:
The cubic dilatation e will be
e ¼ err þ euu þ eHH ¼ @u
@r
þ 2u
r
: ð10Þ
The components of the stress tensor for a spherical symmetric sys-
tem, are given by
rrr ¼ 2l @u
@r
þ ke cT; ð11Þ
rHH ¼ 2lur þ ke cT ¼ ruu; ð12Þ
rrH ¼ rru ¼ rHu ¼ 0:
From Eqs. (9), (11) and (12), we obtain the equation of motion (1)
kþ 2lþ leH20
  @e
@r
 c @T
@r
¼ 0l2eH20 þ q
  @2u
@t2
: ð13Þ
Applying the div operator to both sides of Eq. (13), we obtain
kþ 2lþ leH20
 
r2e cr2T ¼ 0l2eH20 þ q
  @2e
@t2
; ð14Þ
where r2 is the Laplace’s operator in spherical coordinates, given
by
r2 ¼ @
2
@r2
þ 2
r
@
@r
:
Consider a thermoelastic body of material having temperature-
dependent properties on the form (Youssef, 2005)
k ¼ k0f ðTÞ; l ¼ l0f ðTÞ; c ¼ c0f ðTÞ; k ¼ k0f ðTÞ; ð15Þ
where k is the thermal conductivity, k0, l0, c0and k0 are considered
to be constants; f(T) is given in a non-dimensional function of tem-
perature. In the case of temperature-independent modulus of elas-
ticity, f(T) = 1. We will consider that (Youssef, 2005)
f ðTÞ ¼ 1 a T;
where a

is called the empirical material constant.
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the problem, we have to take into account the condition
jTT0 j
T0
 1, which give us the approximating function of f(T) to be
in the form.
f ðTÞ  1 a T0: ð16Þ
Then heat equation will take the form
MK0r2T ¼ @
2T
@t2
þMc0T0
qCE
@2e
@t2
:
The equation of motion is
MC21 þ C22
 
r2eMc0r2T ¼
C22
c2
þ 1
 !
@2e
@t2
;
and the constitutive equations are
rrr ¼ M 2l0
@u
@r
þ k0e c0T
 
;
rHH ¼ M 2l0
u
r
þ k0e c0T
 
;
where
C21 ¼
ðk0 þ 2l0Þ
q
; c2 ¼ 1
0le
; M ¼ f ðTÞ ¼ 1 a T0
 
;
C22 ¼
leH
2
0
q
; and K ¼ K0

qCE
is Green and Naghi parameter:
In order to solve the problem, we assumed that the initial condi-
tions of the problem are taken to be homogeneous, while the
boundary conditions are taken as follows:
(1) The surface of the cavity are traction free (zero stress) i.e.rrrðr; tÞ ¼ 0; r ¼ a: ð17Þ(2) The thermal boundary condition is that the surface of the
cavity subjected to a thermal shock i.e.Tðr; tÞ ¼ T0HðtÞ; r ¼ a; ð18Þ
where H(t) is the Heaviside unit step function.
To transform the above equations to dimensionless forms, we
deﬁne the following non-dimensional quantities
u0 ¼ ðqC21=c0T0aÞu; r0 ¼ r=a;
T 0 ¼ T=T0; t0 ¼ ðk0=a2Þt;
r0rr ¼ rrr=ðc0T0Þ; r0HH ¼ rHH=ðc0T0Þ:
9>=
>; ð19Þ
Using these non-dimensional variables the governing Eqs. (11),
(12), (14) and (3) reduce to (dropping primes for convenience)
rrr ¼ M @u
@r
þ 2gu
r
 T
 
; ð20Þ
rHH ¼ M g @u
@r
þ ðgþ 1Þu
r
 T
 
; ð21Þ
r2e g1r2T ¼ g2 @
2e
@t2
; ð22Þ
r2T ¼ g3 @
2T
@t2
þ g4
@2e
@t2
; ð23Þ
and the boundary conditions (17) and (18) take the forms
rrr ¼ 0 at r ¼ 1;
T ¼ HðtÞ at r ¼ 1;

ð24Þwhere
g ¼ k0=ðk0 þ 2l0Þ; C23 ¼ C21 þ C
2
2
M ;
C24 ¼ C22 þ c2
 
=ðc2MÞ; c2 ¼ 10le ;
g1 ¼ C
2
1
C23
; g2 ¼ k
2
0C
2
4
a2C23
;
g3 ¼ k
2
0
Ma2K
; g4 ¼ Meg3;
e ¼ c20T0
q2CEC
2
1
:3. Solution of the problem in the Laplace domain
Applying the Laplace transform with parameter s (denoted by a
bar) which is deﬁned as
FðsÞ ¼ £ff ðtÞg ¼
Z 1
0
f ðtÞest dt;
into both sides of Eqs. (22) and (23) under the initial conditions, we
obtain the following equations
r2  g2s2
 
e ¼ g1r2T; ð25Þ
g4s
2e ¼ r2  g3s2
 
T: ð26Þ
Eliminating T , between Eqs. (25) and (26), we get fourth-order
equation satisﬁed by e in the form
½r4  Ar2 þ Ce ¼ 0; ð27Þ
where
A ¼ ðg3 þ g2 þ g1g4Þs2 ¼ as2; C ¼ g2g3s4 ¼ bs4:
In a similar manner, we can show that T satisﬁes the equation
½r4  Ar2 þ CT ¼ 0: ð28Þ
Introducing mi (i = 1,2) into Eq. (27), we ﬁnd
r2 m21
 
r2 m21
 
e ¼ 0; ð29Þ
where m21 and m
2
2 are the roots of the following characteristic
equation
m4  Am2 þ C ¼ 0; ð30Þ
m2i ¼ a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  4b
p 
s2=2 ¼ x2i s2;
x2i ¼ a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  4b
p 
=2 i ¼ 1;2:
By taking e ¼ ð1=rÞw and substituting into Eq. (29), we get the solu-
tion of e in the form
e ¼ 1
r
A1 expðm1rÞ þ A2 expðm2rÞ þ A3 expðm1rÞ þ A4 expðm2rÞð Þ;
ð31Þ
where Ai, (i = 1,2,3,4) is some parameter depending on s, and at
inﬁnity (r?1), for regularity condition, the displacement and tem-
perature must be continuous, so we take A3 and A4 equal to zero.
By the same technique, we get
T ¼ 1
r
A01 expðm1rÞ þ A02 expðm2rÞ
 	
; ð32Þ
where A0i; ði ¼ 1;2Þ are parameters depending on s and substituting
from Eqs. (31) and (32) into (26), we get the following relation
A0i ¼
s2g4
m2i  g3s2
Ai ¼ g4x2i  g3
Ai ¼ X2i Ai; X2i ¼
g4
x2i  g3
: ð33Þ
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Fig. 1. Temperature distribution with r.
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assuming that u vanishes at inﬁnity, we obtain
u ¼  1
r2
ðm1r þ 1Þ
m21
A1 expðm1rÞ þ ðm2r þ 1Þm22
A2 expðm2rÞ
 
:
ð34Þ
Substituting the solutions for u and T in the relations (20) and (21),
we obtain the non-dimensional constitutive equations in the La-
place transform domain as follows
rrr ¼ Meðm1rÞ 2ð1 gÞðm1r þ 1Þm21r3
þ 1X
2
1
r
 !
A1
þMeðm2rÞ 2ð1 gÞðm2r þ 1Þ
m22r3
þ 1X
2
2
r
 !
A2; ð35Þ
rHH ¼ Meðm1rÞ ðg 1Þðm1r þ 1Þr3m21
þ gX
2
1
r
 !
A1
þMeðm2rÞ ðg 1Þðm2r þ 1Þ
r3m22
þ gX
2
2
r
 !
A2: ð36Þ
In the Laplace transform domain, the boundary conditions (24)
become
rrr ¼ 0; at r ¼ 1;
T ¼ 1=s; at r ¼ 1:

ð37Þ
By substituting Eq. (37) in Eqs. (32) and (35), we ﬁnd the constants
A1 and A2 in the form
A1 ¼ F2sðF1L2  F2L1Þ ; A2 ¼
F1
sðF1L2  F2L1Þ ; ð38Þ
where
Fi ¼ 2ð1 gÞðmi þ 1Þm2i
þ 1X2i
  
expðmiÞ;
L1 ¼ X2i expðmiÞ; i ¼ 1;2:
Introducing the constants A1 and A2 in Eqs. (32), (34), (35) and (36),
then we can write the solutions in the Laplace transform domain,
for the dimensionless displacement, temperature, and thermal
stresses in the following forms
u ¼  1
x21r2
k11
s
þ k12
s2
þ k13
s3
þ k14
s s1 þ
k15
s s2
 
expðc1sÞ
 1
x22r2
k21
s
þ k22
s2
þ k23
s3
þ k24
s s1 þ
k25
s s2
 
expðc2sÞ; ð39Þ
T ¼ X
2
1
r
v11
s
þ v12
s s1 þ
v13
s s2
 
expðc1sÞ
þX
2
2
r
v21
s
þ v22
s s1 þ
v23
s s2
 
expðc2sÞ; ð40Þ
rrr ¼ 2g2Mx21r3
q11
s
þ q12
s2
þ q13
s3
þ q14
s s1 þ
q15
s s2
 
expðc1sÞ
þ 2g2M
x22r3
q21
s
þ q22
s2
þ q23
s3
þ q24
s s1 þ
q25
s s2
 
expðc2sÞ; ð41Þ
rHH ¼  g2Mx21r3
n11
s
þ n12
s2
þ n13
s3
þ n14
s s1 þ
n15
s s2
 
expðc1sÞ
þ g2M
x22r3
n21
s
þ n22
s2
þ n23
s3
þ n24
s s1 þ
n25
s s2
 
expðc2sÞ; ð42Þ
where kmj, vmj, qmj, nmj, cm, (m = 1,2, j = 1,2, . . .,5) are listed in the
Appendix A.4. Inversion of the Laplace transforms
To obtain the solutions of the displacement, temperature and
thermal stresses in the physical domain, it is necessary to perform
Laplace inversion for the considered variables obtained in Laplace
transform domain. We can take the inverse Laplace transform of
Eqs. (39)–(42), and ﬁnd expressions for the dimensionless dis-
placement, temperature, and thermal stresses in the forms
u ¼ 1
r2
X2
m¼1
ð1ÞmHðt  cmÞ
x2m
km1 þ km2ðt  cmÞð
þ km3
2
ðt  cmÞ2 þ km4es1ðtcmÞ þ km5es2ðtcmÞ

;
T ¼ 1
r
X2
m¼1
Xmð1ÞmHðt  cmÞ vm1 þ vm2es1ðtcmÞ þ vm3es2ðtcmÞ
 	
;
rrr ¼ 2g2Mr3
X2
m¼1
ð1ÞmHðt  cmÞ
x2m
qm1 þ qm2ðt  cmÞ þ
qm3
2
ðt  cmÞ2

þqm4es1ðtcmÞ þ qm5es2ðtcmÞ
	
;
rHH ¼ g2Mr3
X2
m¼1
ð1ÞmHðt  cmÞ
x2m
nm1 þ nm2ðt  cmÞð
þnm3
2
ðt  cmÞ2 þ nm4es1ðtcmÞ þ nm5es2ðtcmÞ

:5. Numerical results and discussion
Now, we consider a numerical example to illustrate the analyt-
ical procedure presented earlier,. The copper material was chosen
for purpose of numerical evolutions, which we take the following
material values of the different physical parameters (Youssef,
2005)
k0 ¼ 7:76 1010 N=m2; l0 ¼ 3:86 1010 N=m2;
e ¼ 0:0168; a ¼ 0:0005 K1; H0 ¼ 107=4p Am1;
q ¼ 8:954 103 kg=m3; CE ¼ 383:1 m2 K1 s2;
at ¼ 1:78 105 K1; le ¼ 4p 107 Hm1:
The numerical technique outlined above was used to obtain the
temperature, displacement and thermal stresses distributions
inside the body.
Figs. 1–4 present the dimensionless values of displacement,
temperature and radial and hoop stresses distributions for
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namely for t = 0.05 and 0.1.
In Fig. 1, we observe that the temperature distribution T has a
maximum value at the boundary of the cavity but, inside of this re-
gion the value vanishes rapidly.0
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Fig. 2. Displacement distribution with r.
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Fig. 3. Radial stress distribution with r.
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Fig. 4. Hoop stress distribution with r.Fig. 2 represent the variations of the displacement distribution
u, which we observed that at the displacement reaches a maximum
value at near the surface of the cavity and then start to decreases
with the increase of radial distance r.
In Fig. 3, the radial stress at the surface cavity is zero. This is
coincides with the mechanical boundary condition that the cavity
surface is traction free. It is also observed that the radial stress at-
tains it minimum value at some distance from the boundary of the
cavity, then increases with the increase of radial distance r. In
Fig. 4, the hoop stress have their minimum values at the surface
of the cavity, then increases with the increase of radial distance r.
Figs. 5–8 present the effect of reference temperature on dis-
placement, temperature and radial and hoop stresses distributions
when the modulus of elasticity is a linear function of reference
temperature ðM ¼ ð1 a T0Þ ¼ 0:5; 1:5Þ and in the case of a tem-
perature-independent modulus (M = 1).
The effect of Green and Naghdi parameter K is observed in Figs.
9–12, which we see that displacement and temperature is increas-
ing with the increase of G-N parameter, while the thermal stresses
are decreasing.6. Concluding remarks
In this work, we have discussed the model of magneto-thermo-
elasticity for an inﬁnite body with a spherical cavity depending on-0.1
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Fig. 5. Temperature distribution with r.
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Fig. 6. Displacement distribution with r.
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Fig. 7. Radial stress distribution with r.
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Fig. 8. Hoop stress distribution with r.
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Fig. 9. Temperature distribution with r.
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Fig. 10. Displacement distribution with r.
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Fig. 11. Radial stress distribution with r.
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Fig. 12. Hoop stress distribution with r.
2636 M.N. Allam et al. / International Journal of Solids and Structures 47 (2010) 2631–2638a reference temperature in the context of Green and Naghdi theory
without energy dissipation. The problem is solved by means of the
Laplace transform and Laplace inversion. We concluded that:
(1) The basic equations of the problem can be described by a
fourth-order characteristic equation.(2) The mechanical distributions indicate that the wave propa-
gates as a wave with ﬁnite velocity in medium. It is com-
pletely different from the case for the classical theory of
M.N. Allam et al. / International Journal of Solids and Structures 47 (2010) 2631–2638 2637thermoelasticity where an inﬁnite speed of propagation is
inherent and hence all the considered functions have a
non-zero value for any point in the medium.
(3) The fact that in thermoelasticity without energy dissipation,
the waves propagate with ﬁnite speeds is evident in all these
ﬁgures.Appendix A
a10 ¼ 2ð1gÞx21
; a11 ¼ 2ð1 gÞx1x21
; a12 ¼ 1X21; c2 ¼x2rx2;
g4 ¼
x21r2ðgX21Þ
g2
; g5 ¼
x22r2ðgX22Þ
g2
; c1 ¼x1rx2;
a20 ¼ 2ð1gÞx21
; a21 ¼ 2ð1 gÞx2x22
; a22 ¼ 1X22; g2 ¼ 1g;
b10 ¼X2a10 X1a20; b11 ¼X2a11 X1a21; b12 ¼X2a12 X1a22;
b20 ¼X1a20 X2a10; b21 ¼X1a21 X2a11; b22 ¼X1a22 X2a12;
c21 ¼ a21x1ra20; c22 ¼ a22 þx1ra21; c23 ¼ x1ra22;
c11 ¼ a11x2ra10; c12 ¼ a12 þx2ra11; c13 ¼ x2ra12;
d21 ¼ a21 þ a20x1r; d22 ¼ a22 þ a21x1r þ a12a20x21r2=ð2g2Þ;
d23 ¼ a22x1r þ a12a21x21r2=ð2g2Þ; d24 ¼ a12a22x21r2=ð2g2Þ;
d11 ¼ a11 þ a10x2r; d12 ¼ a12 þ a11x2r þ a22a10x22r2=ð2g2Þ;
d13 ¼ a12x2r þ a22a11x22r2=ð2g2Þ; d14 ¼ a22a12x22r2=ð2g2Þ;
h21 ¼ a21 þ a20x1r; h22 ¼ a22 þ a21x1r þ g4a20;
h23 ¼ a22x1r þ a21g4; h24 ¼ a22g4;
h11 ¼ a11 þ a10x2r; h12 ¼ a12 þ a11x2r þ g5a10;
h13 ¼ a12x2r þ a11g5; h14 ¼ a12g5;
s1 ¼
b11 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b211  4b12b10
q
2b12
; s2 ¼
b11 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b211  4b12b10
q
2b12
;
v11 ¼ a20s1s2 ; v12 ¼
ða20 þ a21s1 þ a22s21Þ
s1ðs1  s2Þ ;
v13 ¼ ða20  a21s2  a22s
2
2Þ
s2ðs1  s2Þ ;
v21 ¼ a10s1s2 ; v22 ¼
a20 þ a11s2 þ a12s22
 	
s1ðs1  s2Þ ;
v23 ¼
a10  a11s1  a12s21
 	
s2ðs1  s2Þ ;
k11 ¼ 
s22c22s
2
1 þ s22c21s1 þ s22a20 þ s2c21s21 þ s1s2a20 þ a20s21
 	
s31s
3
2
k13 ¼ a20s1s2 ;
k21 ¼ 
s22c12s
2
1 þ s21c11s2 þ s21a10 þ s1c11s22 þ s1s2a10 þ a10s22
 	
s31s
3
2
;
k23 ¼ a10s1s2 ;
k12 ¼ ðs2c21s1 þ s2a20 þ a20s1Þs22s21
;
k14 ¼
a20 þ c21s1 þ c22s21 þ c23s31
 	
s31ðs1  s2Þ
;k22 ¼ ðs1c11s1 þ s1a10 þ a10s2Þs22s21
;
k24 ¼
a10 þ c11s2 þ c12s22 þ c13s32
 	
s31ðs1  s2Þ
;
k15 ¼
a20  c21s2  c22s22  c23s32
 	
s32ðs1  s2Þ
;
k25 ¼
a10  c11s1  c12s21  c13s31
 	
s32ðs1  s2Þ
;
q11 ¼
s22d22s
2
1 þ s22d21s1 þ s22a20 þ s2d21s21 þ s1s2a20 þ a20s21
 	
s31s
3
2
;
q13 ¼
a20
s1s2
;
q21 ¼
s21d12s
2
2 þ s21d11s2 þ s21a10 þ s1d11s22 þ s2s1a10 þ a10s22
 	
s31s
3
2
;
q23 ¼
a20
s1s2
;
q12 ¼
ðs2d21s1 þ s2a20 þ a20s1Þ
s22s
2
1
; q22 ¼
ðs2d11s1 þ s1a10 þ a10s2Þ
s22s
2
1
;
q14 ¼
a20 þ d21s1 þ d22s21 þ d23s31 þ d24s41
 	
s31ðs1  s2Þ
;
q24 ¼
a10 þ d11s2 þ d12s22 þ d13s32 þ d14s42
 	
s31ðs1  s2Þ
;
q15 ¼
 a10 þ d11s2 þ d12s22 þ d13s32 þ d14s42
 	
s32ðs1  s2Þ
;
q25 ¼
 a20 þ d21s1 þ d22s21 þ d23s31 þ d24s41
 	
s32ðs1  s2Þ
;
n11 ¼
s22h22s
2
1 þ s22h21s1 þ s22a20 þ s2h21s21 þ s1s2a20 þ a20s21
 	
s31s
3
2
;
n13 ¼ a20s1s2 ;
n21 ¼
s21h12s
2
2 þ s21h11s2 þ s21a10 þ s1h11s22 þ s2s1a10 þ a10s22
 	
s31s
3
2
;
n23 ¼ a20s1s2 ;
n12 ¼ ðs2h21s1 þ s2a20 þ a20s1Þs22s21
; n22 ¼ ðs2h11s1 þ s1a10 þ a10s2Þs22s21
;
n14 ¼
a20 þ h21s1 þ h22s21 þ h23s31 þ hd24s41
 	
s31ðs1  s2Þ
;
n24 ¼
a10 þ h11s2 þ h12s22 þ h13s32 þ h14s42
 	
s31ðs1  s2Þ
;
n15 ¼
 a10 þ h11s2 þ h12s22 þ h13s32 þ h14s42
 	
s32ðs1  s2Þ
;
n25 ¼
 a20 þ h21s1 þ h22s21 þ d23s31 þ h24s41
 	
s32ðs1  s2Þ
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